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What is Linear Algebra?

» The branch of mathematics concerning linear equations.
> RAE: ROEMEARER
> FAREMEFN: RIFEILM

> FARFN: a=10
> HARETHE: Plus, Multiply, Transformation, Transpose ...
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Linear Algebra Bt A7

» Linear Algebra in Machine/Deep Learning

Linear Algebra for Machine Learning
Data i

Matrix and Vector Operations in Python Applications in Machine Learning

Scalar Vector Matrix Tensor Linear Regression
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Linear Algebra Bt A7
» Represent and manipulate 3D objects in computer graphics
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Linear Algebra Bt A7
» Computer Vision/Computer Graphics
Camera

Imaging Geometry
Image (film) World
Coordinates Coordinates Coordinates

v A Pixel
ﬂ Coordinates
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Linear Algebra Bt A7
» Computer Vision/Computer Graphics

"World to Camera Transformation
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QN{aIF4F Linear Algebra?
> EZFLH: Midterm: Mean: 77 Mine: 65
» Final Grade: A

> ETRMIZEIRZRHD T
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QN{aIF4F Linear Algebra?

» Geometry thought: BT CV/CG HBK, EF—ETHIMEN 1ZERRIE
JLAI=S B AR EE R

> Basic Principles: EEREARNEE/TIREN, TERITELZIER, #IEE
5H

> PR UIKEX
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AN{a]Z24F Linear Algebra?
» Core of Linear Algebra: Ax = b and the Four Subspaces
=] = = QAR
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Lecture 1
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Geometry Essense of Linear Algebra

> Vector

» The combination of vectors: Matrix
» Linear Space

> 3B1B Secl
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https://www.youtube.com/watch?v=fNk_zzaMoSs&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&index=1
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The geometry of linear equations

xc + yd is Linear Combination. Relation: Column Vector
Important Form: Ax=b

Scalar - Vector

Matrix Multiplication

3B1B Sec2

3B1B Sec3

3B1B Sec4
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https://www.youtube.com/watch?v=k7RM-ot2NWY&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&index=2
https://www.youtube.com/watch?v=kYB8IZa5AuE&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&index=3
https://www.youtube.com/watch?v=XkY2DOUCWMU&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&index=4

Exercise for Multiplication
» Scalar Product

» Matrix Product
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How to solve a linear comnbination?
» Strict triangular form

» Elementary Row Operations
» Row-Echelon Form
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Elementary Row Operations

» Interchange two rows
» Multiply a row by a nonzero real number

» Replace a row by the sum of that row and a multuple of a another row.
> 3B1B Sech
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https://www.youtube.com/watch?v=rHLEWRxRGiM&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&index=5
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Row-Echelon Form

Definition
A matrix is said to be in row echelon form if

» The first nonzero entry in each nonzero row is 1.

» If row k does not consist entirely of zeros, the number of leading zero entries in
row k+ 1 is greater than the number of leading zero entries in row k.

If there are rows whose entries are all zero, they are below the rows having
nonzero entries.
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Reduced Row-Echelon Form
Definition

A matrix is said to be in reduced row echelon form if
» The matrix is in row echelon form.

» The first nonzero entry in each row is the only nonzero entry in its ¢
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A simple example of Gaussian Elimination
Problem

1 2 1|3
3 -1 =3
2

-1
3 1
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Other Matrix Operations

> Transpose: ¥:E; 1THREIFI, FIREN4T R™™ — R™*"
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Algebra Principles

Theorem 1.4.1  Each of the following statements is valid for any scalars a and 8 and for any matrices
A, B, and C for which the indicated operations are defined.

.A+B=B+A

. A+B)+C=A+(B+0)

. (AB)C = A(BC)

AB+ C) =AB +AC

(A+B)C=AC+ BC

@B)A = a(BA)

. ®(AB) = (@dA)B = A(uB)

(@ 4+ B)A = aA + BA

a(A+ B) =aA+aB
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A lot of practice
» See the note
- & - =
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Consistency Theorem for Linear Systems
Definition

combination of the column vectors of A.

A linear system Ax = b is consistent if and only if b can be written as a linear
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Consistency Theorem for Linear Systems
Problem
Is this equation consistent?

T+ 210 =1

211 + 41 =1
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Introduction to Matrix Inversion
» Mathematics is interconnected

EETT)

» When we multiply a number by its reciprocal we get 1: 8 x 1 =1
» Do matrices have similar properties?

> In the number theory, AA~! = 1(mod p), which is called Multiplicative inverse (3

8
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Introduction to Matrix Inversion

> What is 1 in the linear algebra?

> axl=aglxa=aaxal=1
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Introduction to Matrix Inversion
> Let A € R™" then
AA Y = A 1A=T
> {BE2IEMETRIER IRIEND?
> Example:

The matrices

1 2

2 4 T H
[3 1] and 31
5

are inverses of each other, since
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How to solve the inverse matrix?
» Key: AA~! = I, which is still a form of Ax =b
» Method: Elementary Row Operations
> Example:

Compute A~ if

1 4 3
A=]-1 -2 0
2 2 3
- & = =
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What's more?

> If A is a square matrix, the most important question you can ask about it is
invertible or nonsingular.

whether it has an inverse A~1. If it does, then A~'A = I and we say that A4 is

- & = = DA
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What's more?

> If A is singular —i.e., A does not have an inverse —its determinant is 0 and we can
find some non-zero vector x for which Az = 0. For example:

FIOR:

- & = = DA
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A Real Life Example: Bus and Train

Description
A group took a trip on a bus, at $3 per child and $3.20 per adult for a total of 118.40.
They took the train back at $3.50 per child and $3.60 per adult for a total of 135.20.

How many children, and how many adults?
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A Real Life Example: Bus and Train

First, let us set up the matrices (be careful to get the rows and columns correct!):

Child Adult Bus Train Bus Train

This is just like the example above:
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The Determinant of a Matrix

> With each n x n matrix A, it is possible to associate a scalar, det A, whose value
definition, let us consider the following cases.

will tell us whether the matrix is nonsingular. Before proceeding to the general

- & = = DA
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The Determinant of a Matrix

Lecture 2

inverse if and only if a # 0. Thus, if we define

000000000 e000000000
Case 1. 1 x 1 Matrices If A = (a) is a 1 x 1 matrix, then A will have a multiplicative

det(A) =a
then A will be nonsingular if and only if det(A) # 0.
Case 2. 2 x 2 Matrices Let

A= [ ai
operations:

an ]
azy  az

By Theorem 1.5.2, A will be nonsingular if and only if it is row equivalent to /. Then,
if a1; # 0, we can test whether A is row equivalent to I by performing the following
oy <& = =
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The Determinant of a Matrix

1. Multiply the second row of A by ai;:

Lecture 2

ai
anazy

0000000000800000000
anax
2. Subtract a,, times the first row from the new second row:

an
0

an

anaxn —ayap #0

apax —axan ]
Since a; # 0, the resulting matrix will be row equivalent to / if and only if
If a;; = 0, we can switch the two rows of A. The resulting matrix

azy

1)
a
0 ap
will be row equivalent to / if and only if ay;a;, # 0. This requirement is equivalent to
condition (1) when ay; = 0. Thus, if A is any 2 x 2 matrix and we define
det(A) = anaxn — ana
then A is nonsingular if and only if det(A) # 0.
=] = = S
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Implication: 1
> Why?

> MINIAYEEIRIE: Elementary Row Operations/Row Equivalant
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Compute with Minor and Cofactor

Definition

Let A = (a;) be an n x n matrix, and let M;; denote the (n— 1) X (n — 1) matrix
obtained from A by deleting the row and column containing a;. The determinant of
M;; is called the minor of a;. We define the cofactor A;; of a;; by

Aij = (—1)i+j det(Mij).

Than calculate the determinate with a cofactor expansion along one row or one
column.
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An example of computing determinate

Description

Calculate the determinate of the following matrix:

Tl W N
B =
DN

] =l = =
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Implication: 2
> AT ATMEZEI—H#, il
BEREH

ERY!

s

& Elementary Row Operations & determinate fg?
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Visualization for Determinate
> 3B1B Secb
=] = = = QAR
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https://www.youtube.com/watch?v=Ip3X9LOh2dk&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab&index=6
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Properties of Determinates

> i, BAXTREMRMIITENEHMRBSEE
> KIRTEZEN TILAEKME Linear Algebra, Z/DE R
> BEANTILEX Intro EMEE, HESSMEE

Xinze LI
A Simple Introduction to Linear Algebra



Properties of Determinates

Lecture 2
00000000000000000e0
In summation, if E is an elementary matrix, then
det(EA) = det(E) det(A)
where
-1 if E is of type I
det(E)={ a #0 if E is of type IT ?)
1 if E is of type I
Similar results hold for column operations. Indeed, if E is an elementary matrix, then
E" is also an elementary matrix (see Exercise 8 at the end of the section) and
det(AE) = det((AE)") = det(E7AT)
= det(ET) det(A”) = det(E) det(A)
can be summarized as follows:
Xinze LI
A

imple Intro

Thus, the effects that row or column operations have on the value of the determinant
determinant.

I. Interchanging two rows (or columns) of a matrix changes the sign of the
II. Multiplying a single row or column of a matrix by a scalar has the effect of
multiplying the value of the determinant by that scalar.
value of the determinant.

III. Adding a multiple of one row (or column) to another does not change the




Conclusion for Singularity
Conclusion
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